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In this paper, using the construction method of [3], we show that if q > 2 is a prime power 
such that there exists an afhne plane of order q - 1, then there exists a strongly divisible 
2 -((q - l)(qh - l), qh-‘(q - l), qh-‘) design for every h 2 2. We show that these quasi-residual 
designs are embeddable, and hence establish the existence of an iufinite family of symmetric 
2_tqh+’ - q+Lqh,q h-1) designs This construction may be regarded as a generalisation of the . 
construction of [l, Chapter 4, %&on l] and [4]. 
I. Introduction 
The study of symmetric 2-designs, or “Symmetrical BIBD’s”, can be divided 
into two main sections. Firstly, the proving of theorems showing the non-existence 
of symmetric designs with given parameters, see, for instance [S], [7]; and, 
secondly, the construction of designs for certain parameter sets. Some examples of 
infinite families of symmetric 2-designs are: finite projective planes (a finite 
projective plane may be regarded as a symmetric design with A = 1); Hadamard 
Designs (symmetric 2-(4h + 3,2A + 1, A) designs) and symmetric designs satisfying 
the condition u = 4( k - A) obtained from the construction method of [S]. A partial 
list of known results on symmetric 2-designs may be found in [6]. 
In this paper we use a well= known family of group divisible l-designs in 
conjunction with affine 2-designs 4 bi Lppropriate parameters, to construct a family 
of strongly divisible l-designs, urng the method of [3]. These strongly divisible 
designs are quasi-residual 2-designs in the case when the afine 2-designs are 
affine planes, and, in this case, we show that they are the residual designs of a 
family of symmetric 2-designs. Infinitely many of these designs have parameters 
for which no design was previously known to exist. 
For definitions and results used, see [2], [3] and [6]. Suppose 9 > 2 is a prime 
power, and let h > 1 be any integer. Then put ,-,(h, q), the design 
consisting of the points and hyperplanes of h-dimensional affine geometry over 
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FF(q); (see, for instance, [6]). Choose some point P of ’ and, using the notation 
of 161, let S = (A’)‘. 
Then it is not difficult to show that S is a 1-(qh - I, qhV1, qhel) design, admitting 
a strong tactical division T(S) with n point and block classes (n = (qh - l)/(q - 1)) 
of q - 1 points and blocks each. The point classes of T(S) are the lines of A’ 
which contain P, (with P removed in each case), and the block classes are just the 
parallel classes of A' with the block containing P omitted. 
S has connection and intersection numbers h!j, pij where p’ = A’ = & = Aii = 0 
( 1 SG i s n), and p~j = h~j = qh-* (1 s i, j G n, i + J). Finally it is clear that no block of 
S contains all the points of a point class of S. (Note that to construct S with the 
above propertie s, we needed only that A' was an afke design with constant line 
size, and that A’ was smooth. Hence we could replace A1(2, q) by an arbitrary 
affinc plane of order q.) 
We now require the following from [3]. 
Result! 1. Suppose there exists 
(i) A 2-(pm*, pm, (pm - l)/( m - 1)) affine design A ; and 
(ii) A 1-(mn, k’, k’) design S admitting a strong tactical division with n point 
and block classes of m points and blocks each, with connection and intersection 
numbers A’ = A;i, ,:.&, p’ = p:i, pij; and such that no block of S contains all the points 
from a point class of the strong tactical division. 
Then there exists a i-(pm*n, pmk’, (pm*- l)k’/(m - 1)) design D admitting a 
strong tactical division T(D) with n point classes of pm* points each, and 
(pm* - l)n/(m - 1) block classes of m blocks each. The classes admit a labelling 
such that the connection and intersection numbers are 
A = Aii -= (pm - l)k’/(m - l)+ pmh’; Aij ‘(pm*- l)A:j/(m - 1); 
P = pii = pn+? and pij, where 
P‘j = ww:,, i=tZu=j (mode), let, USC; 
i t7d 
pij = (p’+ k’/m)pm, i sj (mod c), i #j. 
I + Zf there exists an afine 
2-(p(q - l)*, p(q - 0, (p(q - 1) - l)/(q - 2)) design A, 
and q > 2 is a prime power, then for every h 2 2 There exists a 
l-h44 - l)kf - 0, wfh% - 0, qh-Yp(q - I)*- Mq - 2)) design 
admitting cc strong tactical divison T( ) with n point classes each of p(q - 1)’ points 
and c block clas (c = (p(q - l)* - l)(qh - l)/(q - ll)(q - 2)) each of q - 1 blocks. 
T?VJ I uses of T( may be labelled so that the corznection and intersection numbers 
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P = Pii = 09 (16 i s C); and pij, where 
and 
Pij =Wh-2(q-1), i?j (modn), (1diJCc); 
Pij 
= pqh-1, i=i(modn),(lG,j<c,i#j). 
oof. Since q > 2 is a prime power let S be as above. Then S and A satisfy the 
conditions of Result 1 and the Theorem follows. U 
Corollary. If there exists an afine plane of order q - 1, and q > 2 is a prime power, 
then for every h 2 2, there exists a 
2-((q - l)(qh - l), qhLL(q - l), qhel) design LB, 
admitting a strong tactical decomposition T(D) with n point classes each of (q - l)* 
points, and c block classes (c = q(qh - l)/(q - 1)) each of q - 1 blocks. The inter- 
section numbers are p = pii =O (1 <MC); and pij, where 
Pij =qhe2(q- 119 i+j (mod n), (lG,+c); 
and 
Pij=qh-‘, i=j (mod n), (lG,jsc, i#j). 
proof. D of Theorem 1 is a 2-design if and only if 
(/L(q - 1)2- l)qh-2/(q - 2) = (CLtq - 1) - l)qh-‘/(s - 2), 
i.e. I_C = 1 or q = 1; i.e. D is a 2-de ,ign if and only if A is an affine plane (since 
q>2). 0 
3. e embedding 
We first require 
([2, Corollary 6.31). A quasi-residual 
2-((k - l)(k - A)/A, k -A, A) design 
with three intersection numbers: 0, A (k - A)/k and k/m is embeddable in a 
symmetric 244 k, A) de if and only if there exists a strongly resolvable 
2-(k, A, (A - 1)/m) design 
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We may now state 
2. If there exists an c&%ne plane of order q - 1, and q > 2 is a prime 
power, then for every h 3 2, there exists a 2-(qh+’ -q + 1, q”, qh-l) design. 
f. By the Corollary of Theorem 1, for every h 3 2 there exists a 
24q - I)@” - I), qh-l(q - I), qh-l) design 
with intersection numbers: 0, qAm2(q - 1) and q”-‘. Hence, by Result 2, k) is 
embeddable in a symmetric 2-(qh+’ - q + 1, qh, q”-‘) design if and only if there 
exists a s%ngly resolvable 
2-(q”, qh-‘, (qh -’ - l)/(q - 1)) design D. 
But such a design always exists, namely D = Ah-,( h, q), and the theorem 
follows. fl 
Remark. Hence, since there exists an affine plane of order q - 1 whenever q - 1 is 
a prime power, we have shown that whenever q and q - 1 are prime powers, there 
exists an infinite family of symmetric 2-designs with the above parameters, since h 
may be chosen arbitrarily. 
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